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A model quantum wire embedded in a matrix permeable to eletron waves is investigated in terms
of eletroni states. The wire is assumed to have a 1D rystal struture. Through eletron waves
propagating in its surroundings, lateral modes are oupled with Bloh waves propagating along the
wire axis, whih results in modes splitting into multiplets. The results presented in this study have
been obtained by diret solution of the Shrödinger equation in the eetive mass approximation.
I. INTRODUCTION
Having beome the subjet of intensive researh
1,2,3,4
,
eletron transport in quantum wires inludes an inter-
esting problem of transport in wires showing strutural
periodiity, whih an be due to material omposition or
geometry variations
5
. A periodi quantum wire an be
regarded as a quasi one-dimensional rystal; transmission
through it depends on the rystal band struture as well
as on open lateral modes.
A more general treatment of the problem to be dealt
with here an be found in a paper by Kohn
6
and in later
studies
7,8,9
, in whih eletroni states in rystalline thin
lms (omposed of just a few atomi layers) are investi-
gated by means of the Green's funtion formalism. In the
1990s, in onnetion with the possibility of fabriating
omplex semiondutor heterostrutures with moleular
beam epitaxy (MBE) tehnology, papers on eletroni
properties of quantum wires began to appear. A rela-
tively low perentage of these studies deals with periodi
quantum wires, though
10,11,12
. In partiular, the prob-
lem of eletroni state existene in a periodi quantum
wire embedded in a permeable medium has not yet been
studied thoroughly enough.
The model of quantum wire onsidered in this paper
shows strutural periodiity due to variations in material
omposition, and reeted by periodi variations of the
eetive mass, as well as of the eetive potential felt by
eletrons moving along the wire axis. The potential on-
ning the eletron motion to the wire axis is assumed to
be of nite value; onsequently, the eletron waves do not
form nodes on the wire borders and thus an penetrate
into the matrix in whih the wire is embedded.
The following is implied by the periodiity of the wire
struture and the nite potential value in the matrix:
• The eletron motion in spae annot be regarded
as a superposition of two independent motions, one
along the wire axis, the other perpendiular to it.
This is why modes loalized in the wire form multi-
plets. Eah multiplet is determined by the number
of nodes of the envelope funtion, Ψ(y), in the wire,
and eah mode in a multiplet orresponds to a dif-
ferent Fourier omponent of Bloh wave Ψ(x).
• In spite of the nite value of the potential limit-
FIG. 1: (a) A shemati representation of a periodi quan-
tum wire omposed of alternating segments of AlxGaAs1−x
(potential barriers) and GaAs (potential wells). The wire is
embedded in an AlAs matrix. (b) The ondution band bot-
tom level along the wire axis.
ing the eletron motion perpendiular to the wire
axis, the number of multiplets is innite. This is
due to the redution of the wave vetor (referring
to the eletron motion along the wire axis) to the
rst Brillouin zone, whih means that even for high
energy values orresponding bound states exist in
the quantum wire.
The disussed model is based on the eetive mass ap-
proximation, whih, though not appliable when the ele-
tron energy is far from the ondution band bottom level,
through simpliations made, allows a lear desription
of onditions of mode existene in a periodi quantum
wire.
II. MODEL
The system to be onsidered is shematially depited
in Fig. 1. A periodi quantum wire an be regarded as
a superlattie with two surfaes lose to eah other and
perpendiular to its layers. The wire is omposed of al-
ternating segments of GaAs and AlxGaAs1−x, and em-
bedded in an AlAs matrix.
The eletron motion with energy values lose to the
ondution band bottom is desribed by the eetive
2mass equation:
[
~
2
2
∇
1
m∗(r)
∇+ E − V (r)
]
Ψ(r) = 0. (1)
Sine the system is homogeneous along the z-axis, the
eletron motion desribed in (1) an be regarded as a
superposition of two motions, one taking plae in the
x, y-plane, the other being a free motion along the z-axis.
If the latter motion is negleted (kz = 0), the system an
be regarded as two-dimensional.
A further fatorization of Ψ(x, y) is possible within the
quantum wire: ΨI(x, y) = ΨI(x)ΨI(x), with the follow-
ing dierential equations to be satised by omponents
ΨI(x) and ΨI(y):
[
~
2
2m0
∂
∂x
1
M(x)
∂
∂x
+ E − V (x)−
1
M(x)
λ
]
ΨI(x) = 0,(2)
[
~
2
2m0
∂2
∂y2
+ λ
]
ΨI(y) = 0,(3)
where M(x) = m∗(x)/m0, and λ is the separation on-
stant. The solution, ΨI(x, y), has the following form:
ΨI(x, y) = u(x)e
ixqeiκy, (4)
where u(x) denotes the periodi fator of the Bloh fun-
tion, and κ =
√
2m0
~
λ.
Throughout the system, a solution of (1) must fulll
the onditions of ontinuity at the border between the
quantum wire
′I ′ and the matrix ′II ′:
∂ΨI(x, y)
∂x
∣∣∣∣
y=±b
=
∂ΨII(x, y)
∂x
∣∣∣∣
y=±b
, (5)
1
M(x)
∂ΨI(x, y)
∂y
∣∣∣∣
y=±b
=
1
M
∂ΨII(x, y)
∂y
∣∣∣∣
y=±b
, (6)
where M(x) and M denote the relative eetive mass in
the wire and beyond it, respetively.
For ondition (5) to be fullled by the wave funtion
beyond the wire, ΨII(x, y), for any x value, the funtion
must have the following form:
ΨII(x, y) =
∞∑
n=−∞
cne
i(q+Qn)xfn(y), (7)
cn denoting Fourier oeients of the periodi fator of
the Bloh funtion, ΨI(x).
u(x) =
∞∑
n=−∞
cne
iQnx. (8)
The fulllment of (5) for any x implies the following
boundary onditions for fn(y):
f+n (y) |y→∞ = f
−
n (y) |y→∞ = 0. (9)
The boundary ondition:
f+n (b) = f
−
n (−b) = 1 (10)
means a requirement of mode loalization at the wire
axis. Supersripts
′+′ and ′−′ in (9) and (9) refer to the
solutions in two half planes, dened by y > b and y < −b,
respetively.
By inluding (7) into (1), we get:
∞∑
n=−∞
cne
i(q+Qn)x ×
[
∂2
∂y2
− (q +Qn)
2 +
2M
~2
(E − V0)
]
fn(y) ≡ 0, (11)
where V0 is the ondution band bottom level in the ma-
trix. This leads to the following system of dierential
equations for fn(y) with boundary onditions (9) and
(10):
[
∂2
∂y2
− (q +Qn)
2 +
2M
~2
(E − V0)
]
fn(y) = 0. (12)
The solution of (12) has the form:
f±n (z) = e
µn(z∓b), (13)
where
µn =
√
(q +Qn)2 +
2M
~2
(V0 − E). (14)
A general solution of (3) is a linear ombination of
funtions: C1e
−κy+C2e
κy
. The symmetry of the system
allows independent mathing of modes that are symmet-
ri or antisymmetri with respet to the wire axis. Thus,
the solution of (6) an be found by independent mode
mathing at one surfae only (y = b):
1
M
κ tan(κb) =
1
M(x)
∑
n µncne
(q+Qn)x∑
n cne
(p+Qn)x
, (15)
1
M
κ cot(κb) = −
1
M(x)
∑
n µncne
(q+Qn)x∑
n cne
(p+Qn)x
. (16)
Equations (15) and (16) refer to symmetri and antisym-
metri modes, respetively.
In the viinity of the ondution band bottom the ef-
fetive mass is a linear funtion of the band bottom level,
V (x):
M(x) = A+BV (x). (17)
Being a periodi funtion (V (x+ na) = V (x)), potential
V (x) an be Fourier-expanded:
V (x) =
∞∑
n=−∞
vne
iQnx. (18)
3With only the most signiant omponent of the sum in
(18) taken into aount, M(x) is approximately repre-
sented by its mean value:
M(x) ≈M(x) = A+Bv0. (19)
By inluding this approximation into (15) and (16), we
get the following form of the two equations:
∞∑
n=−∞
cne
i(q+Qn)x
(
Mµn −M(x)κ tan(κb)
)
= 0, (20)
∞∑
n=−∞
cne
i(q+Qn)x
(
Mµn +M(x)κ cot(κb)
)
= 0. (21)
to be satised for any x (i.e. throughout the length of the
border between the wire and the matrix). This ondition
is fullled when:
Mµn −M(x)κ tan(κb) = 0, (22)
Mµn +M(x)κ cot(κb) = 0. (23)
The values of κ orresponding to known energy val-
ues E an be found from (22) and (23). In the limit
ase, when the matrix is impermeable to eletron waves
(V0 −→ ∞), κ takes values κl = lpi/(2b); odd l values
orrespond to modes that are symmetri with respet to
the wire axis, and even l values to antisymmetri ones.
Then, wave propagation along the wire axis takes plae
in eetive potential:
U(x) = V (x) +
2m∗(x)
~
lpi/(2b). (24)
When the potential in the matrix is nite, eah n orre-
sponds to a mode multiplet. Eah mode in a multiplet
orresponds to a dierent Fourier omponent of eletron
wave Ψ(x), and involves the fulllment of ondition:
(q +Qn)
2 +
2M
~2
(V0 − E) > 0. (25)
Note that modes orresponding to the lowest Fourier
omponents (n = 0,±1,±2, . . .) will be suessively elim-
inated from multiplets with inreasing energy. As a on-
sequene of (14), (22) and (23), the limit value of κ for
|n| → ∞ is lpi/(2b) in eah multiplet.
III. RESULTS
The alulations performed refer to a quantum wire
omposed of alternating GaAs and Al0.35GaAs0.65 seg-
ments, representing potential wells and barriers, respe-
tively. The wire is embedded in a uniform homogeneous
AlAs matrix. The energy referene level (E = 0) is as-
sumed to oinide with the ondution band bottom in
an Al0.35GaAs0.65 barrier. The wells and barriers are
assumed to be of equal width, 40
o
A. The width of the
FIG. 2: Parameter κl,n plotted versus energy for modes (a)
n = 0,−1,−2 and (b) n = 0, 1, 2. Dots represent alulation
points; horizontal lines indiate values approahed by κl,n
when n → ±∞ for the rst six multiplets, l = 1, 2, . . . , 5;
dashed lines indiate ut-o energy values.
quantum wire is assumed to be onstant throughout its
length, and to equal 200
o
A.
The values of κl,n orresponding to loalized modes
with dierent energy values have been found from (22)
and (23). Subsript l refers to the number of Ψ(y)
nodes in the quantum wire (l = 1, 2, 3, . . . orresponds
to 0, 1, 2, . . . nodes, respetively). Subsript n refers to
the n-th Fourier omponent of Bloh funtion Ψ(x).
Fig. 2 shows κl,m plotted against eletron energy.
For larity reasons, κl,m values are expressed in units
of 1/b, b denoting the half-width of the wire. Values
κb = pi/2, 3/2pi, 5/2pi, . . . (κb = pi, 2pi, 3pi, . . .) orrespond
to symmetri (antisymmetri) losed-end modes (with
nodes at the wire borders), and to n → ±∞. The al-
ulations have been performed for the rst ve Fourier
omponents n = 0,±1,±2. The κl,n values orrespond-
4FIG. 3: Parameter κ plotted versus ut-o energy for dierent
modes. Eah urve orresponds to a dierent mode number,
n.
ing to modes in the same multiplet (i.e. having the same
number of nodes, or l) begin to dier signiantly at
higher eletron energy values. The splitting is also found
to grow in extent with inreasing l. The dashed lines in
the plot represent the 'ut-o energy' values, at whih, in
aordane with (25), modes orresponding to suessive
Fourier omponents (n = 0,±1,±2,±3, . . .) are elimi-
nated as the eletron energy inreases. In Fig. 3, κ is
plotted versus ut-o energy for dierent modes (dier-
ent n values). For high κ values q(κ,E) = 0, and aord-
ing to (25), the ut-o energy for modes only diering
in sign of n is idential. The variations of ut-o energy
for lower κ values are a onsequene of the variability of
q(κ,E).
Aording to (2) and (4), κl,n denes the eetive po-
tential for an eletron moving along the wire in mode
(l,m):
U(x) = V (x) +
~
2
2m∗(x)
κl,nb. (26)
At low eletron energy values κl,m remains onstant.
Therefore, the dispersion relation, q(E, κl,n) (for the mo-
tion along the wire), is shifted along the energy axis,
the extent of the shift depending on κ. Only at higher
energy values, in the range in whih mode elimination
ours, the shape of the dispersion urve is found to be
signiantly hanged. Fig. 4 shows the dispersion re-
lation, q(E, κ2,n), for the seond multiplet. The solid
lines represent dispersion urves for the lowest modes
(n = 0,±1,±2,±3) in the multiplet. The dashed lines
represent the dispersion urve for an innite semion-
dutor superlattie (b→∞, κ→ 0).
FIG. 4: Dispersion urves for the seond (l=2) multiplet
of modes. Plotted for referene, the respetive dispersion
urve for an innite superlattie (b → ∞) is represented
by the dashed line. (b) The area of elimination of modes
n = 0,±1,±2 shown in lose-up.
IV. CONCLUSIONS
Loalized eletroni modes in a periodi quantum wire
(Ψ(x, y) → 0 for y → ±∞) are dened by two quantum
numbers: (1) l, referring to the number of nodes of the
envelope funtion in the diretion perpendiular to the
wire axis; and (2) n, denoting the number of the or-
responding Fourier omponent of the wave propagating
along the wire.
The dispersion urve, q(E, κl,m), orresponding to eah
mode multiplet (xed l) is shifted along the energy axis
towards higher energy values with respet to the dis-
persion urve orresponding to an innite superlattie
(b→∞). The relative shift of the q(E, κl,n) urve orre-
sponding to individual modes (diering in n) in a multi-
plet remains minor as long as the eletron energy is low
(i.e. the left-hand side of (25) is muh greater than zero);
not until the energy gets lose to the ut-o value does
the mode splitting beome notieable.
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